Abstract: This research aims to characterize the nonlinear responses of a 3-layer laminated composite cantilever beam system subjected to evenly distributed dynamic excitations, with the employment of the Periodicity Ratio (PR) method. Periodic, quasiperiodic, chaotic behaviors especially the behaviors in between period and quasiperiod of the cantilever beam system are quantitatively described. A periodic-quasiperiodic-chaotic region diagram is developed to be used for identifying the global behaviors of the cantilever beam system with a large range of parameters. The research approach demonstrates that the PR method is e ective and powerful in analyzing the complex dynamical characteristics of nonlinear cantilever beam systems, and the approach shows signi cances for industrial application and further nonlinear research in this area.
Introduction
In the engineering eld, cantilever beams of laminated composite materials are widely used and investigations on the nonlinear characteristics of the beams have attracted the attentions of the engineers and researchers in this eld in the past years. Such investigations on the behaviors of mechanical beam structures, such as those in arm drill presses, airplane wings, helicopter rotor blades, usually require applications of cantilever beam models. With the models,the nonlinear non-planar vibrations of the cantilever beam systems can be conveniently and quanti-tatively analyzed through theoretical and numerical approaches [16] .
Sedighi and Shirazi [18] presented an application of novel and reliable exact equivalent function (EF) for deadzone nonlinearity of a cantilever beam. A highly nonlinear equation of cantilever beam vibration with a deadzone nonlinear boundary condition was used to indicate the effectiveness of this equivalent function. Botta et al. [1] presented optimal placement of piezoelectric plates for active vibration control of a cantilever beam. In research of Kim et al. [10] , sub-and super-harmonic resonant behaviors of a cantilever beam-type micro-scale device were analytically solved and examined. The nonlinear behaviors of beam vibrations and control have attracted attentions of many researchers in various elds of engineering and physics [11, 13, 17, 19] .
Since the cantilever beams are widely applied in practical work, for example, space crafts, buildings and robots appendages, the study on di erent nonlinear motions of the cantilever beam has great application signi cance. Dwivedy and Kar [6] studied the attached mass of a cantilever beam model, found chaotic motions in their numerical simulations. In the analysis of a pipe conveying uid, Mergen and Paidoussis [15] studied a cantilever beam model supported by intermediate spring and investigated its three dimensional nonlinear dynamics. Both in experimental and theoretical analysis, regular and irregular reaction cantilever beam were reported, including utter, divergence, quasiperiodic and chaotic motions of the beam.
In analyzing the dynamical behaviors of the nonlinear systems, Lyapunov exponent, Poincaré map and Periodicity Ratio (PR) method are often employed [2, 3] . However, Gavrylyak et al. [8] expressed that most methods of calculating Lyapunov exponent has some drawbacks. Compared with the Poincaré map, the PR method shows convenience and e ectiveness in describing the nonlinearity of the nonlinear behaviors. Based on the comparison, periodicity ratio can be employed as an index and criterion to make a systematical diagnosis for the nonlinear characteristics of the cantilever beam systems.
In this research, the nonlinear behaviors of a laminated composite cantilever beam system are to be an-alyzed and characterized by the Periodicity Ratio (PR) method. The quantitative determination of the global behaviors of the cantilever beam system considered over a large range of system parameters will be presented. The approach of the research has signi cances in nonlinear dynamic studies and industrial applications in in relating to nonlinear behaviors and behavior diagnosis of cantilever beams composed of laminated composite materials.
Concept of Periodicity Ratio
The periodicity ratio (PR) method was rstly introduced by Dai and Singh [3] and Dai [2] to diagnose chaotic and periodic motions of a nonlinear system. The determination of the periodicity ratio is based on examining the overlapping points with respect to the total number of points in a Poincaré map. The higher the periodicity ratio value is, the more periodic is the dynamical behavior. The periodicity ratio is one when the motion is perfectly periodic. When periodicity ratio approaches zero, the corresponding motion is quasiperiodic or chaotic. According to Dai and Singh [3] , the number of all the overlapping points (NOP) can be calculated by the following. (1) in which n is the number of visible points, X ki andẊ ki are the distances of kth point (x k ,ẋ k ) and ith (xi,ẋi) along the x-axis andẋ-axis in the phase plane. And functions ξ and P can be described as
Then the periodicity ratio can be calculated as
With the employment of periodicity ratio, periodic-chaotic region diagrams can be generated. The diagrams provide clear graphical information for the regions of periodic, quasiperiodic, and chaotic motions with varying system parameters. Moreover, the diagrams present transition regions of transitional motions, including non-periodic and non-chaotic motions of a dynamic system considered. Such transitional motions cannot be identi ed by using Lyapunov exponents. Signi cantly, the nonlinear behavior of the system in the transition regions can be quantitatively described by the periodicity ratio. The transition regions provide the information for the path from one type of motions to another type of motions. It should be noted, however, that in generating the periodic-quasiperiodicchaotic region diagrams with employment of the periodicity ratio, there is no need to plot any diagrams such as wave curves, phase diagrams, or Poincaré maps.
Model development
Mahmoodi et al. [14] researched the nonlinear free vibrations of Kelvin-Voigt visco-elastic beams, Mahmoodi and Jalili [12] studied nonlinear vibrations and made frequency response analysis of piezoelectrically driven microcantilevers. Delnavaz et al. [5] presented the linear and nonlinear vibrations and performed frequency response analyses of microcantilevers subjected to tip-sample interaction. And Jassim et al. [9] reviewed on the vibration analysis for a damage occurrence of a cantilever beam. Dai and Sun [4] studied the vibration control for the laminated beam with employment of a fuzzy sliding mode control strategy. However, with considerations of wide variety of system parameters, a systematical investigation on the nonlinear behaviors and the characterization of the beam's responses are still in lack as per the current literature. More importantly, the model described by the authors is representative and suitable for the study with employment of the periodicity ratio method. The laminated composite cantilever beam considered in this research is sketched in Fig. 1 . As can be seen from the gure, the beam is xed at the origin of the coordinate system. The assumptions used for the model development are as shown below, 1. The beam considered in this research is an orthogonal symmetric cross-ply laminated beam; 2. The transverse shear stress on the top and bottom surfaces of the beam is zero; 3. The layers of the laminated beam are perfectly bonded; 4. The material of the beam is deformable.
Geometrically, the beam has a constant rectangular cross section, and its length, width, and thickness are designated as l, b, and h respectively. The beam is a 3-layer laminated composite cantilever beam. A xed Cartesian coor-dinate system is applied to describe the coordinate of the cantilever beam as shown in Fig. 1 . The x axis is along the mid-plane of the beam at its unloaded position. The variables u and w represent the displacements of a point of the beam along the x-and z-axes, respectively. The loading acting on the beam is evenly distributed along the beam. However, the magnitude of the loading is varying with time.
The governing equation of the three-layer composite cantilever beam system can be described as the following [4] ,
in which w represents the displacement along the z-axis of a point on the mid-plane (z = ), and
In all above expressions,Q 
With the Substitution of the series solution from Eq. (6) at n = and n = respectively into Eq. (4), the governing equations of the three-layer composite cantilever beam system with the second-order discretization by the Galerkin method can be derived as
in whichq is the non-dimensional external force, and the coe cients T i , T i (i = , , . . . , ), are given by the following expressions.
and all of U and S are described by Fig. 1 . Sketch of the three-layer composite cantilever beam system subjected to distributed load.
F,
For sake of clarity, hereafter in the context, the variables, w ,w ,t of Eqs. (7), in the following parts will be replaced by w , w , t without the bars above.
Nonlinear behavior and characterization
The cantilever beam system governed by Eqs. (7) is nonlinear. The best and most e ective method for investigating the global dynamical behaviors of the nonlinear system is performing numerical simulations [8] . In this research, via application of the PR method, periodic, quasiperiodic, chaotic behaviors, and the behavior between period and quasiperiod are numerically studied based on the model developed.
Systematically simulating the global dynamical behaviors of this cantilever beam system needs a determination of the parameter values at rst. And the determination of the parameter values needs satisfaction of two conditions. First, physically reasonable cantilever beam system is to be studied; and second, under the variation of the parameters, complete behaviors of the cantilever beam system can be shown. With these considerations, for the numerical analysis of the nonlinear cantilever beam system governed by Eqs. (7), the geometric and material parameters of the beam are given in Table 1 referred to Dai and Sun [4] . Table 1 . Geometric and material parameter values of the three-layer composite cantilever beam system.
Moreover, external force q and modulus of elasticity of the intermediate layer ec can be given as varying param-eters to study the nonlinear dynamical behaviors of the three-layer composite cantilever beam system. The initial conditions for Eqs. (7) at t = are given as,
(10) Based on the numerical simulations of the research, the behavior of the beam system is complex. Figs. 2 to 7 show many types of dynamical behaviors of the cantilever beam system, from periodic, quasiperiodic to chaotic behaviors. These behaviors are shown, in di erent aspects, in wave diagrams (t-w and t-w ), phase diagram (w -dw /dt and w -dw /dt) and Poincaré map (w -dw /dt and w -dw /dt).
As shown in Fig. 2 , a periodic behavior of the cantilever beam system takes place. The periodic behavior is described by repeating property of the wave diagrams, closed periodic orbits in the phase diagram, and nite points in the Poincaré map. The Poincaré maps of Fig. 2 suggest that the cantilever beam system follows multiperiodic behavior in this case. Moreover, the wave diagrams t-w and t-w show that the periods of the periodic behaviors of w and w are about 241.67 and 212.5.
In from Fig. 3 to Fig. 7 , the behaviors of the cantilever beam system show irregular features. The irregular features suggest that the dynamical behaviors of the cantilever beam system are highly nonlinear. As shown in Fig. 3 , the closed curves in the Poincaré maps show that the cantilever beam system follow quasiperiodic behavior in this case. Fig. 4 demonstrates complex loops in the Poincaré maps. That means the occurrence of more complex quasiperiodic behavior. Fig. 5 shows a transitional behavior in between the quasiperiodic and chaotic motions for the cantilever beam system. As shown in the Poincaré maps of Fig. 5 , w follows quasiperiodic behavior whereas w follows chaotic behavior. Low-dimensional chaos is suggested in this case for the cantilever beam system. Moreover, cantilever beam system can follow completely chaotic vibration, as shown by the collective of random and irregular points in the Poincaré maps of Fig. 6 and Fig. 7 .
It is interesting to notice that there are some irregular cases that are not falling in any category of chaotic, periodic or quasiperiodic cases illustrated above. These irregular cases show some levels of periodicity but not perfect periodic, nor perfect chaos or perfect quasiperiodic responses. With PR approach, these cases have the PR values in between one and zero. A typical such case is shown in Fig. 8 , and the PR value for this case is about 0.5567.
In considering that PR value is a single value index, a diagram shows periodic-quasiperiodic-chaotic regions becomes readily available, corresponding to the system parameters of the beam. Such a periodic-quasiperiodicchaotic region diagram is plotted and shown in Fig. 9 , which can be conveniently used to identify the nonlinear dynamic status of the beam corresponding to any pair of the two parameters given. It should be noticed that each point in Fig. 9 actually represents a state of vibration of the beam. In the periodic-quasiperiodic-chaotic region diagram, the sign "+" represents a state of periodic response, and each diamond sign in the diagram represents a perfect irregular case or perfect quasiperiodic or chaotic response. The blank space in the diagram describes the behaviors in between the perfect period and or irregular cases. It can be seen from the diagram, in the testing parameter range, most points show periodic behaviors, which implicate that the composite cantilever beam system follows regular oscillations in most time under the conditions considered in this research.
For analyzing and characterizing the nonlinear behaviors of the composite cantilever beam, the advantage of the periodic-quasiperiodic-chaotic region diagram constructed with the PR approach is obvious. In utilizing the PR approach for constructing the periodic-quasiperiodicchaotic region diagrams, however, the following needs to be emphasized. Fig. 9 shows only two system parameters, for constructing a periodic-quasiperiodic-chaotic region diagram for a three-dimensional analysis, three system parameters can be considered.
Conclusion
The nonlinear responses of a 3-layer laminated composite cantilever beam system subjected to evenly distributed dynamic excitations is analyzed and characterized in the present research. The Periodicity Ratio (PR) method is employed for analyzing and diagnosing the nonlinear char- 
